We re-examine the link between the Weyl tensor and gravitational waves, and between the CottonYork tensor and gravitational waves. Our study is carried out in the language of the congruence approach pioneered by Hawking and Ellis. We find that there is a lack of clarity concerning the conditions that guarantee the existences of cosmological gravitational waves. According to the theory of general relativity, nothing travels faster than light. Any changes in the gravitational field must therefore propagate as gravitational waves. However, general relativity is a nonlinear theory and only in certain approximations can we clearly define gravitational radiation. There are three approximations, in which it is possible to make this definition: the linearized theory, post-Newtonian theory and perturbation theory [1] . There are two main approaches in the cosmological perturbation theory, (1) the coordinate approach, and (2) the covariant approach. In both approaches, one makes use of tensors that are projected, symmetric and trace-free. We review the role of the Weyl tensor in describing gravitational waves in the covariant approach, and then how suitable the 3-Cotton-York tensor is for characterizing gravitational waves.
According to the theory of general relativity, nothing travels faster than light. Any changes in the gravitational field must therefore propagate as gravitational waves. However, general relativity is a nonlinear theory and only in certain approximations can we clearly define gravitational radiation. There are three approximations, in which it is possible to make this definition: the linearized theory, post-Newtonian theory and perturbation theory [1] . There are two main approaches in the cosmological perturbation theory, (1) the coordinate approach, and (2) the covariant approach. In both approaches, one makes use of tensors that are projected, symmetric and trace-free. We review the role of the Weyl tensor in describing gravitational waves in the covariant approach, and then how suitable the 3-Cotton-York tensor is for characterizing gravitational waves.
A local definition of 'gravitational radiation' in terms of the geometry of space-times was first given in [5] and [23] . In particular a link between the conformal curvature tensor of 3-surfaces, and the existence of gravitational waves was drawn. It was later argued that conformal tensor could be a measure of radiation amplitude [4] . It in [18] , it was argued that the vanishing of the 3-Cotton-York tensor should be an indication of a non-radiative nature of the space-time.
Although we know that the definition of gravitational radiation is dependent on the space-time slicing, it is tempting to ask if this is generic to models that admit similar slicing. In particular, is the non-vanishing of 3-Cotton-York tensor a good indicator of the existence of gravitational waves in a model? Other analyses of the 3-Cotton-York tensor in relation to gravitational radiation have been done in [6-8, 12, 18] . The need to investigate whether or not the algebraic structure of the 3-Cotton-York tensor is related to the nature of the gravitational waves was pointed out in [8] . This article is part of these investigations.
The covariant equations:
We consider FLRW background, with irrotational dust. The Einstein-RicciBianchi equations may be covariantly split into propagation and constraint equations. The propagation equations are:ρ
while the constraint equations are
The FLRW background is covariantly characterized by
and in the linearized case of an almost-FLRW spacetime, these gradients and tensors are first order in smallness.
Covariant Splitting: Because the background is homogeneous and isotropic, we can split each first order vector uniquely into the curl-free (the scalar), and the divergence-free (the vector) parts:
where curl V S a = 0 and div V V = 0. Any tensor may also be invariantly split into scalar, vector and tensor parts:
We can then equate scalar, vector and tensor parts in equations (1-9). All vector parts are zero as rotation is ignored. These splits enable us to understand the natural suitability of H ab as covariant characterization of gravitational waves, but also give a hint of why contributions from other tensors should not be neglected.
The Weyl tensor and gravitational waves: We note that equation (6) gives
which means that D b σ T ab = 0, as we would expect. But in order to isolate the tensor part, one should take the curl of equation (10) and use the relevant commutation [9, 11] relation to get
which is effectively the divergence of equation (6). We see that σ T ab sources the divergence-free H ab . H ab forms a closed wave equation:
This makes the magnetic part of the Weyl tensor a natural choice for characterizing gravitational waves. But one would argue that σ ab has these very characteristics, so why not use sigma? The answer to this question lies in equation (10) where the divergence of the full shear tensor is sourced by the gradient of expansion. This, however, does mean that σ T ab cannot characterize gravitational waves. If one can extract the pure tensor part (which can be done [13] ), one can study gravitational waves using the σ T ab . What about E ab ? It is often said that for gravitational waves to exist we require that D b H ab = 0 and D b E ab = 0. One would then expect E ab to play a role similar to that of H ab in the study of gravitational waves but for the following reasons:
1. The divergence is sourced by density perturbations as in equation (8), and 2. It does not form a closed second order wave equation i.ë
But since E ab is linked to σ ab , which sources H ab that characterizes gravitational waves, does it not following that we loose information by not considering the contribution of E ab to the gravitational waves? We note, from equation (8) , that
which implies D b E T ab = 0 as is expected. Also note that taking the curl of this equation yields curl
Although one cannot write down a closed wave equation for E ab , the effective order of the equation is two since E ab can be determined from the shear equation (3) , and the shear is determined by a wave equation [16] . So why not incorporate the effect of curl E ab ?
Rather than considering H ab and curl E ab separately, it is sufficient to find a tensor that captures the contributions from both tensors.
The Cotton-York tensor: Let 3 S ab be the trace-free part of the 3-Ricci curvature tensor which is given by Gauss -Codacci equations for the Ricci curvature of the spatial surfaces: [3] 
where 3 R ab and 3 R are the Ricci tensor and Ricci scalar respectively. It is easy to show that
to all orders. It is obvious that in taking the curl of this equation, one obtains the link between H ab and curl E ab , and curl 3 S ab . But curl 3 S ab is proportional to the 3-Cotton-York tensor 3 C ab = h 1/3 curl S ab , where h is the modulus of the projection tensor h ab . We will express the tensor in terms of the other known variables as this makes the calculations easier to follow and the results easier to interpret. The full non-linear 3-Cotton-York tensor, for irrotational dust (i.e. p = 0 = ω), may be expressed in terms of others kinematic variables as follows;
[11]. It is clear that this tensor has first-order and second-order (which are given by the quadratic products of first-order variables) parts. Only the first two terms on the right will be kept, when we linearize the relation about a FLRW background. We will show that subject to some conditions, the 3-Cotton-York tensor is divergence-free. Linear-order transversality of the tensor: The divergence of the Cotton-York tensor (
In order to expand the left hand side, we make use of the commutation relation
where only first-order terms are kept. The relevant set of commutation relations are given in [9, 11, 12] . In terms of the Ricci tensor and scalar
from equation12. It follows from the internal consistency of the constraint equations between the evolution equations and the contracted Bianchi identities of 3-surfaces, that D b3 R ab = 1 2 D a 3 R (equivalently, the part of curvature that is not locally determined by the matter [17] ). This implies that
up to first-order approximation. Since vector components are being ignored, the curl of the right hand side vanishes, as only scalars are present. This can be seen from the following: (17) to vanish and hence for D b C ab = 0. We conclude that the C ab satisfies the transverse condition for linear-order perturbations when vector perturbations are neglected. In fact one can show that this transversality holds to second-order [14] , but one has to then address gaugeissues and the problem of separating first-order modes from second-order modes.
3 Cotton-York wave equation: The linear evolution equation for C ab takes the forṁ
This is the result of taking the time derivatives of equation (12) and the application of the linear commutation relation.
Taking a second time derivative, using the above commutation relation, and the linear ′ curl − curl ′ identity:
yields the wave equation
which is the desired closed wave equation. We can then apply the usual techniques, as will be done elsewhere [14] , to solve such a wave equation.
Discussions:
We have demonstrated that the 3-Cotton-York tensor is divergence-free for an almost -FLRW filled with irrotational dust, when vectors are ignored. We have also shown the link between this tensor and the two parts of the Weyl tensor. We found that this tensor gives a closed wave equation. We now ask; does the 3-Cotton-York wave equation carry gravitational radiation? Two issues need to be addressed before we can reach any definite answers: (1) Hidden in the 3-Cotton-York wave equation is the third temporal derivatives of the magnetic part of the Weyl tensor. Does this in anyway invalidate the existence of gravitational waves? (2) The wave equation is closed. Does a closed wave equation of divergence-free tensor that is not locally determined by the matter field necessarily guarantee the existence of gravitational waves?
The part that H ab plays in characterization of gravitational waves, in the covariant approach, has been considered in [19] . In fact the absence of the magnetic part of the Weyl tensor in an irrotational dust is a critical requirement for the classification of the so-called 'silent' models. These are models that, by definition, lack gravitational waves and sound waves. The relevance of Cotton-York tensor to gravitational waves has also been considered in the case of 'silent' inhomogeneous models [12] , where it is found that in general C ab = 0. It will be noted that linear C ab is made up of the magnetic part of the magnetic part of the Weyl tensor and hence findings on 'silent models' still hold. This picture breakdowns when one considers secondorder perturbations [14] . This brings us to the crucial question, what are the necessary and the sufficient conditions for gravitational waves in covariant approach to perturbation theory? Acknowledgments: This project was funded by the University of Cape Town Bibliography:
